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CHAPI'ER I 
INTRODU CTION 
It  was the pio neer A. A .  Gri ffith ( 192 1) l ed by Ing l is ' idea 
1 
o f  s tress d is tribu t i o n  around an e l l iptic a l  voi d , who s et up the 
fundame nta l theo ry o f  bri t t le frac ture . To day his theo ry is the we l l­
kn own G ri ffith frac ture c riteri o n  extens ive ly us ed in invest iga t i o n  
an d exp lanat ion  o f  frac ture phe nomeno n .  
Orowan ( 1955 )  and later  Irwin ( 195 7 )  tried to re fo rm G ri f f i th 's 
the o ry by giving bro ader meaning t o  s urfac e  energy which  inc luded the 
o the r ene rgy loss terms in add i ti o n  to  surfac e  tens io n  required by 
G riffith . S inc e  Irwin 's the o ry was a mo di f ic ation  o f  the o ri gi na l  
G r i ffith 's ideas , bo th theo ries were c om bined into o ne to  be c a l led 
"G riffith- Irw in Theo ry" . 
"G riffi th- Irw in Theo ry" do es no t exp l ic i t ly ta\< e  i nt o  acc ount the 
proc ess o f  deve lo pm ent  o f  c racks under loading bu t m ere ly predic ts the 
u l tim ate ins tab i l i ty (catas trop hic frac ture ) . To fi l l  up this gap 
a t tempts were m ade by s evera l au tho rs to take into  acc ount the 
m ec hanics of s low c rack growth which prec edes the fina l ins tabi l ity .  
B ery (1 960 )  em ployed the kine t ic c o ns ide ration  a nd the G ri ffi th 
c ri teri o n  to c o ns ider  the c rack pro pagation  in o btaining the equa t i o n  
o f  mo t i o n  under c o ns tant fo rc e  and a ls o  under c o ns tant s trai n .  H ow ever , 
the above pr o b lems were treated under the assump tion  that the m aterial 
s urround ing the c rack is an ide a l  e las t ic s o lid . M os t  o f  the s o l ids 
ex hibi t  a c e rtain amount o f  yie lding around the c rack tips be fo re the_ 
frac ture c an s ta rt . 
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I t  i s  a form i dab le task t o  find exac t s o lu t ions to  e las to-
plas t ic prob lems eve n for p lan e s tra in o r  plane s tres s  and ye t m ore s o  
fo r thr ee d im e ns ional p ro b lems . Som e  inves tigators tried to analyze 
the prob lem of growth of the p las t ic z one f rom the t ip s  of  c rack s  or 
no tches by introduc in g  c e r ta in m ode ls such as tho se of Dugda le ( 1 960), 
B ar en b la t t  ( 19 6 1) and W nuk ( 19 6 9). Dugda le , le d by an ingen iou s  
in tui ti on ,  p rop osed  that the pl a s t ic deform ati on at  the c ra ck t ip i s  
en tire ly con fined to  a n arr ow tapered z one e xtending i n  the crack 
p lane . B arenb la t t  has in troduce d a m odulu s  ca l le d  " c ohe s ive m odu lu s" 
in or de r to  exp lain the qua si- duc ti le f rac ture. Wnuk p rop ose d  a simp le 
" cut en d cig ar " crack to des cr ibe the effec t  of p las tici ty a nd tim e on 
the f rac ture. The scale of yi e lding is r e qu ired  to be sma l l . 
Sin ce s om e  progres s  c ou ld be made  i n  obtainin g the exac t  
sol ut ion s  for c r ack s  u nder l on gi tudin a l  s tre s s, i t  was Hu l t  and 
M cC l intock (1 95 6 )  who fi rs t s u cceeded in obtain ing the exact s o l� tio n 
f or a p arti cu lar case. We w oul d  l ik e  to m ention he re the formu lat ion 
of crack p ro b l ems p rop osed  by B i l by ,  C ottre l l  and Swinde n  ( 1 96 3 ,64) 
whi ch are e s s en ti a l ly bas ed on the same  a s sump tion us ed by Du gda le  an d 
Fie ld ( 1 963 )  but d i ff e rs in the use � f  dis loca tion the ory t e rmin o lo gy. 
In man y  p ap ers in c luding thi s  thes is , the idea of " quas i- br i t t le" 
f r actur e i s  used .  I t  agr e e s  we 1 1  with the exp erimen t  w hen the p la. s t ic 
de forma tions which occur be fo re the frac ture s ta rts , are co n f ined to a 
n arrow layer, ahea d of  the c rack tip. Th e work expen ded in p last ic 
de form ation exceed s  m any tim e s  the ene rgy lost in the sep arat ion of 
two surface s in a p e r fec t ly br i tt le frac ture p roc e s s . This e nab l e s  one 
to n egl ec t the l a tter as small i n  com pari son w ith the former and thi s 
w as u sed b y  Goo di er and Fie l d  ( 1 963) and by Wn uk and Ole s iak ( 1 96 6) to 
ob tain a so lutio n  to two - dime nsion al an d three- dimensio na l problems , 
r e s pe c t ive ly . 
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I t  w a s  Kr af t  ( 1 96 1) ,  later Sr aw le y and Brow n ( 1964) an d 
s imul taneous ly Mc Cli nto ck and I rw in ( 1964) who recog nize d the po s sib il i ty 
of a s tab le cr ack growth induce d  in a du c ti le me ta l under a mo notonic a l ly 
i ncr ea s i ng lo ad . McC l in toc k arg ued t hat in a duc tile so li d su b-i ni ti a l  
growth woul d no t be po s sible wi thout con tinue d in cre ase o f  lo ad . He 
showe d  tha t af ter the cr ack pro gr esse s by an infini tesimal amoun t ,  the 
re d i s tri bu tio n  o f  s tre s se s  an d s trai ns lowe r s  the s tr ai n  a t  th e cr ack­
roo t and thu s  fur ther load in crea s e  is ne ce ss ary to e leva te root strain 
to th e cr i tica l v a lue . A n  equivalent approach vm s s u ggest e d by Rice 
( 1967) who co nsi dere d the si z e  of pla s ti c  zone as a co ntro l l ing fac tor 
fo r q u asi -r, tatic e x te n s io n  of a crack in an e las tic - plasti c  solid 
r epr es e nte d by a s tri p mo de l. But co nc lu s io ns pbtai ne d  by McCJ.i�tock 
an d  Ri ce came from te dio us  nurneri ca l or gra phical ca lcu lation s � .. ;h5_ch 
p er ta in ed to a so lut io n  o f  a no n- linear int�gral equation. A mo�e 
s tr a i ght forwar d appro ach bu t based on a simplified Dugdale mocel, WdS 
d ev ised by W nuk ( 1 970) w ho consi dered an opening mo de of fracture and 
redu ced  the prob l em to a di f fere ntial equation gov er ning  the sub�critical 
growth . A s imi lar a ppro ach i s  use d  ic this thesis to derive the 
so lut io n for sub- cr i ti c a l  gro\v th o f  a crack under l6ngi tudinal stress. 
In Chapter II  a brief di scuss ion of different kinds  o f  
dis lo ca tio ns is give n .  Thi s i s  fo llowe d by the an aiysi s of s t re s s  and 
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en er g ies as s oc iat ed· wit h  dif fer en t · : kinds ·o f  . .' disl ocati on s  ... L: a ter:· a· 
cr ack pro bl em un der un i form shear s tress  applied at inf in i ty i s  
formul a ted . The yiel d  z on e  i s  mo dell ed by a l in e  of edge disl oca t ion s 
as i t  was f ir s t  pro pos ed by B il by ,  Cot tr el l an d Swin den (1963,64) an d 
then foll ow ed by W e er tril en (1966) . F in all y ,  i t  i s  s hown how thi s di sl o­
c at i on theor y  conv er ges to Or owan - Irw in_the ory  for small s cal e  yiel d in g .  
In Chapter II I ,  the assum pt ion s an d a br i e f  discus s ion of dis­
placemen ts  an d pl as tic  z on e  s ize  dev el oped by Kostr ov and Nik i tin 
(1967) for the cr ack un der l on g itudinal s tr e s s are r ev� ewe d  par ticul arly 
for the case of small s cal e  yiel din g .  
In Chap ter IV a d iff er en tial equat i on gov ern ing t he sub- cr it ical 
gr owth of c rack s  in an inf in i te · qua s i -br ittl e so lid  un der l on gi tudin al 
s tr e s s  i s  der iv ed .  Thi s  equa t i on i s  then int egr at ed usin g  RKGS 
s tandar d subr out ine o f  IBM 360 f or Runga-Ku tt a  me tho d  of n umer ical 
int e gr ation . F in all y af ter giv in g  a br ie f discus s i on of Ric e' s t heory 
a f ew suggest ion s  for the s o lu t ion bas ed on thi s  theory  ar e made  an d 
the resul t s thus obt a ined ar e c ompar ed wit h  the re sult s obta in ed in 
this  the s i s . 
Th e an alys is o f  sub -cr i t ical gr owt h  is  continued in Chapter V 
wher e the e ff ec t  of  fini te widt h  i s  in cluded in t he con s ider a t ion . 
CHAPTER II 
"D ISL OCATION PLA STIC ITY "  
Whe n a laboratory s pe c im en of s tee l  i s  tes ted at  a tempe rature 
5 
j u s t  be low the not ch- bri t t le p oint, bri t t le frac ture usua l l y  d oes not 
oc cur unt i l  ge ne ra l  y ie ld has sp re ad ac ros s  the enti re load be aring 
se c t i on at  the notch . Such spe c ime ns a� sorb l i t t le e nergy during 
frac ture but re quire the app lie d s t re ss to re ach the ge nera l y�e ld 
po i nt . This e ffe c t  is imp ortant for the ch oice of e ne rgy or  s t res s  
crite rion in  e nginee ri ng de s ig n .  It  can be exp lained as fol lows .  
P las tic  s train occurs a t  the root of the notch and is fo l lowed by 
frac ture the re . As this frac ture sp re ads and ga the rs s pe ed ,  i t  changes 
into a bri t t le crack .  T he p las tic s train in the root i s  accommo da te d  
by plas t ic z one s  which sp re ad ou twa rds from the root an� i n  a s ma l l  
spe c ime n, these z ones cross the ent ire se c t ion before e nough dis p lace­
me nt  for duc ti le fracture can occur at the root . Plas t ic  z ones having 
the form of l ong, thin arcs have be en obse rve d  in s tee l  at the point of 
frac ture from a notch . I t  1 s  un like ly that in a large e ng i nee ri ng 
structure such p last ic-z one s mus t  cross the entire- load bearing s ec t i on 
be fore the p las t ic disp lace me nt at the root of a notch- be come s suf ficient 
to s tart a duc t i le frac ture . I f  " far reaching yield"  rathe r than 
" ge ne ra l  yie ld" is the essential  cri te rion the n  frac ture m ay oc cur un der 
s tre sse s  too sm al l for ge ne ra l yie ld . Th e p roblem then is t o  de te rmine 
what le ngth of p las t i c  z one or s l ip l ine is necess ary to acc ommo da te- a 
g ive n p las t ic d isp laceme nt  i n  the root. A comp le te s olution t o  this 
p roblem from the the ory of e l as tic -p la s t ic s ol ids wou l d  i nvo lve 
e laborate c ompu tati on .  A s imple form of the p roblem  us ing the the ory 
of dis tribution of  d is loc a t i on is s o lve d  he re . B u t  be fore going into 
the p roblem, we wou l d  l ike to  disc uss brie f ly the type s of  dis l oc a ti ons 
and the e ne rgie s  as s oc iate d  with them . 
1 .  Edge dis l oc a tion .  
Th e de formation ass oc ia te d  wi th the edge d i s locat i on is shown 
sc hem atic a l ly in Fig . 1 .  T he s lip plane of the fi gure AB CD ,  is d i vide d  
into a port ion l abe le d  AB' C'D, ac ross whic h one uni t s l ip has occurre d  
and the rem ain ing p ortion, ac ros s which no s tre s s  has take n p lace , th� t 
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i s  on ly the mater ial  above the s hade d p ortion of  the s l ip pl ane has bee n 
d i s placed in an ide nt i ty trans lat i on .  The l ine B ' C� de te rm ine d  by the 
intersec tion of the extra a tomic hal f  plane wi th the s lip plane ,  is a 
dis loc at ion , s ince i t  i s  the b oundary be twee n portions of the s l i p  p lane 
that have unde rgone diffe re n t  am ou nts of  s l ip . 
The dis loc a tion s hown i n  the se que nce of diag rams (a), (b)  and 
(c) , whe re the extra hal f- p lane is above the s lip p lane ,  is c harac te rize d 
by a c ompre s s ive inte rna l s tress fie ld above the s l ip plane i n  
e qu i l ibr ium w ith the te ns i le i nte rnal s tresse s be low the s li p  plane . 
The important fe a tures o f  a dis location can be desc r ibe d  by a 
A 
unit  tangent  vec tor � givi ng the orie ntation of the l ine, and the 
·But;"get ' s  vec tor� de f i ne d  by··J .M� Bu1; ge1; as p ointing in  the d irect i on o f  
s l ip ,  with magni tude equal t o  the shear d i s placeme nt- produce d when  the 
dis loc at i on trave rse s the s l ip p lane .  T he se vec tors are a lways pe rpe n-





'Fig. 1. Motion Of An Edge Dislocation. 
7 
8 
v ector to be po inting into the sur face o f  the dis  loc ation s how n in ·the 
in se t o f  F ig .  l (a), the Burger c ir cuit is take n a lo ng the s quare p ath 
1-2-3-4-5 forme d  by lat t i ce tr ans la t io ns o f  four unit dis tance s to a 
s ide .  I f  the surround ing ma ter ial  were dis lo catio n  free , po i nt 5 wo u ld 
be co in c ident wi th po int 1 and the c ir cuit  wou ld actua l ly be a square. 
Howe ver, wit h the dis loc atio n  in  the lat� ice , a Bur ger s ve c tor · jo in ing 
t he term in al po int 5 to the ini tia l  po int 1 is nece ssar y  to e ffec t 
c lo sure . T hi s  i s  a Burger s vec tor o f  unit magni tude . 
2 .  S crew D i s locat io n: 
Th e s am e  un i t  s lip de format io n  that r e su l ts upo n  a tr aver se o f  
th e s li p  p lane by the e dge dis locatio n  o f  F ig .  1 can be pro duce d � ns te ad 
o f  " tear ing "  a crys tal  as ·s hown in F ig. 2 .  There the shade d  are a  AB C'D' 
is the por tio n  o f  t he s l ip p lane t hat h as a lre ady undergo ne. s li p , so 
that  b y  definit io n, the line C'D' is a d is lo catio n .  Unl ike the edge 
d is lo ca t io n, in th is  case  the d is lo cation i s  par a l le l  to the s lip 
d ire c t ion . 
3. Stre ss F ie lds and E nergie s  o f  D i s loc at io ns:· 
It is u sef u l  to divide the lat tice de format io n abo ut a· d is lo catio n  
in to the core reg io n  o f  se ver e di stort io n i n  the ver y imme diate ne i ghbor­
hoo d  o f  the de fe c t and i nto the surrounding e last ic  re gio n  in  w hi ch the 
s tr ains are very sma l l  i n  w hich t he lat t ice packing re lat io nship s are, 
in e s s ence, sa tis fied. Le t us  co nsid er a so l id from  wh ich a core has 
bee n  removed as  in F ig .  3. Upo n cutt ing thro ugh the so lid  p ar a l le l  and 
t hro ug h  to the core , r ig id ly displac ing t he face s cre ate d  by the cut and 
then re con ne c t ing t he face s i n  the ir displace d  po s i tio ns by a jo ining 





Figure J. Dislocations in a multiply connected elastic 
cylinder. The internal stress field being 
produced by (a) cutting along its axis, 
(b) parallel and (c) perpendicular to the axis 
and then rejoining the faces. 
1 1  
pr oce s s  such as , for examp le a we lding ope ration,  the de fo rmat i ons a re 
cons traine d  to rema in in the la ttice·eve n  though the exp ose d b oundarie s  
are free of  trac tions , wi th the re su l t  th at an inte rna l s tre s s  f ie ld i s  
set up. 
In p articu lar , c ons ide r  a disp laceme nt that is pa ra l le l  t o  the 
core axis such that 6 u2 = b acros s the cu t .  From 3b i t  i s  c le ar that 
the re su l t ing de form at i on is e qu iva lent  to that  obse rve d  in  the e las tic  
re gion of a s tre s s d i s l ocati on . In this case the only non-ze ro 
disp laceme nt comp one n t  at  any p oint i s  uz i n  the z dire c tion ,  u r· and 
u9 be ing ze ro be cause the cros s- se c t ion remains circu lar , ne it he r 
di lating nor contrac t ing . W hat  is  more , the final  co nfigu ra ti ori i s  
c omp le tel y indepe ndent  of the angular or ie ntation of the cutting p lane ,  
s o  that uz i s  a func t ion only of the ang le � and is indepe n de nt of 
r and z .  Thu s ,  all  partf a l  de r iva tive s  of the d isp laceme nt s  othe r  
than d u2/ o 9 are ze ro. Thu s the only non-ze ro s tra in comp one nt i s  
€z9 = 1 l � 
z r o9 
(2 . 1) 
The s tre s s fie ld can now be ob ta ine d  from the s tre s s s train re lati on . 
Accordi ng to H ooke ' s  law a l l  s tre s s comp one nts are zer o o the r than 
(2.2) 
B y_ noticing that a change in 9 of 21T radi ans ·- i s  accompan ie d by an · ax ia l 
d isp laceme nt of b ,  the s tre ss  fie ld of  a screw dis loca tion i s  wri tte n  
o-z9 = � b 
2n r 
(2 . 3} 
T he s train ene rgy or a uni t l ength o f  sc rew dis locat ion ,  tak ing 
adva ntage of the radia l symm e try is therefore , 
� 
= 2 S 1 <r ze € ze dv 
= 
= 




L. b 1 b 
2nr ·'!· 21T 
L. b2 ln R* 
4n ro 
-r 
* 211r dr 
(2 . 4) 
The upp e r  limit  �( is  dete rm ined by the phys ica l dimens i ons o f  th e 
crys tal or i f  other dis loca t i ons are pres ent , by the s urroundi ng 
d islo cation ge om e try . The low er l im i t defines t he ex tent o f  t he core 
reg io n  of atom ic mi s fi ts an d is app rox im a te ly on the orde r r0 � 3b . 
4. C rack Probl em: 
Cons ider an infinite is otrop ic medium subjec ted to  a uni fo rm 
ap pl ied s hear s t res s at  in finity and cont a ining a · dis t ribut ion  o f  long 
str� _ _  i ght �i s  locat ion l in es lyin g  para l le 1 to z in the xz p lane . . . �· · . ....... -.. 
The s i tu a t ion is i l lus trated in Figure 4 ,  w her e edge dis loca t ions are 
show n . H ow ever w e  trea t the prob lem of a dis tribu tion of s tress  dis-
loca t ion subj e c te d  to an externa l  s hear s tre ss �yz = L a t  infinity ,  
bec aus e the me dium is then in a s tate o f  ant i- pl ane s t rain . 
T he res is tanc e  to.motion of the di s loca t ions is tak en to be 
t'yz = "C0 (  c( 't") in t he - f.<_x � t and to  be "'t" yz = "l:, ( ") 't) in -a (X(.- e 
and f( x ( a .  W hen  "[0 = 0 the regi on -l( x ( t repr es ents a free ly 
sl ipp ing crack and the dis loc a t ions beyond � e rep res ent p las tic  s l ip  
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Figure 4. (a) Distribution of dislocation and yield zones 
(b) Shear displacement 
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L e t  us  put T0 = 1: - -c0 and T1 = r1 - 1:: s o  tha t T0) 0 and 
T1) 0. Al s o  let there be f (x) dx d is locat ions each of s trength b> 0 
in a ny dis tanc e dx. A c co rdin g  to B i lby , C ot tr el l  and Swinden (1963) 




A= h. b 
21T (2.5) 
At e qu i l ibrium th e re su l tant sh ear s tres s  on any d i s l oc a t i on i n  
the d i s tribu t ion i s  zero . Thus , 
= � 
A (2.6) 
Wher e D in the r egion o f  the x ax is ov er wh ich th e di s loc a t ion s  are 
dis tr ibuted  and T (x) i s  the resul tant sh ear s tres s  a t  ·x. We h av e  
T = T0 for ( x 1 .( e. and 
T = -Tl for t( lx\ <. a .  
In th e present prob lem D i s  one fin i te segmen t -a ( x ( a  
14 
o f  the x-axis  a nd th e fun c t ion f (x) must vanish a t  x = � a .  The general 
solu t ion reduc es to the expr e s s ion 




(x '-x) (aZ-x' 2 )1/2 -a 




T (x ') dx' . = 0 
(a2 _ x'2) 17 2 
(2.7) 
(2. 8 )  
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The condi t io n  (2 .8) leads t o  th e relation  be tween t.h e a pp l ied s tress 
and the spread o f  the p las t ic regio n (t'/ a) : - -
_1,_ = s in � n !1 1 
a l 2 (T o + T l) ) 
As expe c ted a-t- t when  T0/T1 __.. oo that is , ( i) wh en r1 ___.. 00 
( 2. 9) 
wh ich is infini te res is tanc e  t o  d is loc at ion mo tion  ou ts ide the crack 
or ( i i) when T0� o s o  tha t '(. -. '(0 wh ich is no res u l ta nt ·s tress . 
on dis loc at i o ns when ) x \ z l 
Again a-+ 00 tha t is far reaching yie ld occ urs when  T1/T0---+ o. 
Th is means ei th e r ,  
or ( i i) T0- oo s o  tha t t--. co 
Eq ua tion { 2. 7) was s o lved by B i lby , Co t. tre l l  and Swinden fo r f (x) 





(\ h + m 0] 
whe re n = a
2- � 2 ' and m = � 
a a { 2 .  10) 
Figure 4 (a) sh ows the quant i ty n
2A f{x) as a fu�c t i o n o f  x a nd 
T0+T1 
i t  s eems to  agree wi th the qu a l i ta t ive exp ec tatio ns .  F rom the d is tri-
bu tio n  fu nc t i o n  we find th e numbe r S {x) of dis loc ation  be twee n 0 a nd x .  
S(x) = �//l L (x-() cosh-1(\ (�x + m l) - (x+O cosh-1(\ t� + m\) 
+ 2 �c osh - 1 l-[-) 1 ( 2 . 11) 
H ence  
and s inc e 
= 0 
we have 
The· re lat ive d i s plac em en t cp (x) of  the pos i tive s ide  o f  the sl i p  
plane w i th res pec t  t o  the n eg a t ive is 
4> (x) = b l S (a) - S (x)1 
Thu s  from (2 . 1 1) ,  (2 . 12 )  and (2 . 14 )  
'W2 A cp ( x) 
b (T1 + T0 ) 
16 
(2 . 1 2 ) 
(2 . 13)  
{2 . 14 ) 
The func t i on n2A � (x)/ b (T1+T0) is pl otted as a func t i on of x in  
F igu re 4 (b). 
F in a l ly w e  have for the re lative displ acem en t as x = t . 
2 ��1T�£{J c os h- l l i ( : + e � = en \ e ) {2 . 16 )  
We n ow apply the resul ts o f  Equat ion (2:16 ) to  a c rack probl em by s e t t ing 
(0 = 0 i . e .  T0 = -c. . Als o tak ing A = .lt b/2TT , w e  have a cr ack  under 
co nd i t ions of an ti - pl an e s train an d a dis t ribu t ion of sc r ew dis l oc ations 
at ·i ts t ip . Th us 
q-><e.> 
4e -c1 tn ( +) = rt).A. 
o r  
4�.11) = 4 1:1 _t �n ( �-) (2 . 1 7 )  . a \t� a 
17 
A l s o  Equation (2.9)  for th e c rack pr oblem c an be r ewr i t ten as , 
or 
(2 . 18)  
F ig ur e  5 s hows the  variat i ons o f  cp (e.) I a (Eq uat ion 2 .  12 ) and 7:/ -c.1 
(Eq uat i on 2. 13)  as func t i ons of t; a .  F or- a g iven s pread o f  pl ast ic ity ,  
a ,  th a t  is , a g iven s ize  o f  reg ion o f  loc al s train , there is a 
"d ang er ous" notc h  length acc omm od a t ing a m aximum pl as t ic d is p lac emen t .  
If we s el ec t  a cr i tic al plast ic d is pl ac em en t �c ri t ic al a t  th e r oot 
a s bejng s u ffic ient  for fract ur e t hen a c ertain rang e  of  no tc h  s i zes 
and c orr es ponding s t ress es (betw een the poin t  A and B in F ig ur e  5) 
is d ang erous . 
18 
�(ej = 4> c. ,-\t 0.4 a. 0-
f.O 
0,3 ' d 'till- �(-r, )e f e Ml 
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e . -=cos( !1. t:) a.. l.. -c, 
Figure 5. Displacements at end of slit (full line) and 
applied stress (broken line) as functions of 
crack length for a fixed length of yield zones. 
CHAPI' ER III 
S TRESSES AND DI SPLACEMEN TS 
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A n umb er of s o lu t i ons to ant i - plane notc h  and c rac k  pr ob lem s , 
inv o lv ing an ant i - pl ane an al ogu e  of the Dug dal e  m ode l for pl a s t ic 
r e laxation ahead of th e t i p  have r ec ent ly b een ob tained . Plas t ic 
r el axation i s  assum ed to  occ ur on a l ine ahead of- the tip  and m os t  o f  
the authors i nc luding F ie ld (1963, 65) as sum ed one of the shear ing 
s tres s  c om ponen ts to b e  equa l to  the yi el d  s tres s  of  the ma ter ial on 
th i s  l in e . F or exam p le in the case of  a c rack of  l eng th 2f subj ec t 
t o  s tres s L y = � at  infini ty w ith re laxing z ones of leng th (a-e) on 
each s ide of the c rack the s tr es s  b ound ary  c ondi t ions m ay b e  taken 
in  the form 
'- y = -"C l x\ ( e, y = 0 
t: y = - '( + k e, Z\ x\( a ,  y = 0 
wh ere tx � �xz and ry = � yz 
The resu l ting el as t ic i ty pr ob lem m ay be s olved b y  one o f  a 
(3 . 1) 
numb er o f  me thods ,  the s tr es s  s ingul ar i ties at x = � a ,  y = o b e ing 
rem oved by ·t he: appr opr iate  c hoic e  of the pl as tic zone l eng th (a-�) . 
U nfor tu nately' ther e is a l ogari thm ic s ingu lar i  ty in -r x at  X = 'i-e, . y= o 
wh ich c an not b e  m ad e  to disappear if (3.1) is acc epted as. the b ound ar y 
c ond i tions. I n  fac t ther e i s  a r eg i on of {x , y) pl ane extending i n  
fron t  o f  the phys ic al t ip of the crack i n  which l "'C x \ 7 k .  (Txz='rx ) · 
Sinc e this  s eems to b e  in  c onfl ic t  wi th the phys ic a l  s i tuation a 
di fferent solu t ion w as c ons tr uc ted by K os trov and N iki t in (1967). The i r  
20 
approach is based on the Dugdale hypothesis but supplemented with the 
Huber-Mises-Hencky plasticity condition. This permitted the elimination 
of the mentioned inadequacy of Field�s solution. Rice has made a 
comparison between the model stated by (3.1) and that of Hult and 
McGlintock (1956) in the case of small scale yielding. He found a 
difference of 25 percent in values of crack opening displacements. This 
difference was shown by Kostrov and Nikitin (1967) to become yet more 
pronounced as the yield zone increased. The:Kostro� afid:.Nikitin model is 
free of singularities and it supplies both the opening displacement and 
the plastic zone length which are in a fair agreement with the continuous 
plasticity solution due to Hult and McClintock (1956), see fig. 6(a) 
and 6(b). 
In view of this, the following postulates, assumed by Kostrov and 
Nikitin are also assumed here: 
1 .  The material is perfectly elastic�plastic. The non-zero 
stress components satisfy the Huber-Mises-Hencky plasticity condition. 
2. The length of yielded zone is such that no singularity occurs. 
The anti-plane deformation under longitudinal shear involves 
displacement uz = uz (x, y) in a direction perpendicular to the (x, y) 
plane, and only two stress components � and ry are different from 
zero. For the considered problem, the equilibrium equations·· reduce to 
� + 'dTy = 0 
-ax oy 
(3.2a) 









K os tr ov an d J:--.1----- Nik i t in 
Mc C l in toc k 
·- ' 
. 2  . 4  . 6 . 8  . 10 
F igur e  6 (a) . V ariation of dis plac erii" ent s wf th norm al ized  
l oad. 
Mc Cl in tock 
. 2 . 4  .6 . 8  . 10 
1:/k. 
F ig u re 6 (b). V ariation of pl as tic zone  s iz e  w i th 
n orm al ize d l oad .  
and the following inequality has to hold� 
2 2 2 t:x + t:y � k 
In the plastic domain one has the condition of plasticity 
'C 2




The problem was solved by Kostrov and Nikitin (1967) by r educing 
it into a boundary value pr �bl�m of a semi-infinite elastic plane. 
The solut ion for stresses and displacement, along the plastic boundary 
were given as, 
and 
where 




uz (x)· = 
(3. 5) 
(3. 6) 
(3. 7.) . 
(3. 8) 
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Rewriting {3 . 5 ) , (3 . 6 ) and {3. 7 )  we get 
{3 . 9) 
·..:h 
= 
{1 - "C.2/k2} ke. } a2;e,2 - x2 I e 2 {3 . 1 0) 
k 2 "Cx 
and 
� 
lln a - Ja2 + la2 x2 } i<.\xl<.a {1 + -c2/k2) k - x2 l.Auz {x) = 2 "C a � }a2 2 a kt - X 
o; tx\ )a {3 . 1 1 ) 
The dimensionless stresses ( �y/k and tx/k) and displacement 
. 
( !Auz/k e.) a�e being plotted in Figure 8. and Figure "9 respectively 
as a function of normalized x-coordinate (x/� ). 
Displacements at the crack tip can be obtained by substituting 
X = �in Equation {3 . 7 ) .  Thus 
u{tip) - � (k2+ "'( 2} l� �n - 2}-A-c. 
- e. (k2 + ""( 22 [� en = 2 
Where m = _g_ (3.1
2) 
a 
From Equat ion : (3. 8) we ge t 
• 
= 2 k "C 
k2 + -c'2 
Sub s ti tu t ing bac k  int o  Eq� a t ion (3 . 12) we ge t ,  
uz (tip) = -£ ( k2 + L2) [ l n  k - t. + 2k"C l-· 2 )A 't: k + t k2 + t 2 
F rom Equat ion( 3�8) we a l s o  ge t . the p las t ic zone � ize as , 
R = a - Q, = e. 2 L: 2 
k2 - -c2 
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. (3 . 1 3) 
(3 . 14) 
(3 .15 )  
Now i ntroduc i ng the dime ns ionle ss l oad A = "C/k, Equa ti ons '(3 .14) -:· and · 
:(l. 15) c an be rewr itte n 
u z ( t ip) 
and 
1 + )... 2 
).. (3. 16) 
(3 . 1 7) 
For sm a l l  sc a le yie ld ing i .e .  J\ .... o Equa ti ons ' (3 . 1 6) and. ( 3. 1 7) bec ome s 
(U si ng Appe nd ix I) 
uz ( ti p) = t. 011--) 1 A 2 (3 . 18) 
and 
R = e. z )\ 2 (3 . 1 9) 
F rom Eq uat ions · ( 3" . 1 6) and (3 . 18) we not ice , . that for ·sma l l  sc a le y ie lding , 
(3 . 20) 
wh e re 
� 
� 
-cj I¥. ----- . 
( i r ; 
.::1. 0. 7 i. 
-- : n i � ( 
\ � 0.6 :-
{ 
..::/. ! 
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CHAPTER IV 
SUB-CRITICAL GROW TH O F  CRACKS .. UND ER -LO NGITUD INAL SHE AR 
In quas i-bri t t le s o l i ds the c atas trop hic frac ture is usua l ly 
prece de d  by qua s i-s tatic ex�e ns ion of an in i t i a l  de fec t whic h  is too 
sma l l  to be de tec te d .  This proce ss of  s l ow p ropagation occurs a t  l oads 
be low the c ri t ic a l le ve l and i t  c ann ot be desc ribed by Gri ffith- Irwi n 
the ory of br i t t le frac ture . The s olution to the p roble m  o f  sub-c r i t ic a l  
growth o f  a c rack i n  a quas i- bri t t le s o l id unde r ope ning mode· o f  loadi ng 
was give n  by W nuk (1970) in form of  a diffe ren t ia l  e quation. 
M(c:>, t, do- )  + G(<r ,  e.) = Gc 
d" 
(4 .1) 
whe re M i s  the s l ow growth ope rat or ,  G is the e ne rgy re le ase rate ·, and 
Gc is the s pec i fic frac ture e ne rgy . To de rive (4.1), the Dugda le model 
was use d  and a bas ic p hys ic a l  assump t ion was that the tot a l  work done 
i n  . se parating the two sur faces durin g  an inc remen ta l growth (M + G) 
e qual s  a m a te ri a l  c ons tant Gc . 
At the e nd of  s l ow growth p rocess the ope rator M van i shes and the 
Irwin c ritic a l i ty c ondi t ion is rec ove re d  
.· 
(4 . 2) 
I t  sh ou ld be no te d , howe ve r ,  that  the de fec t s ize a t  frac ture e f 
i s  a pri or unknown quan t i ty and cer tainly i t  is no t e qua l t o  the ini t ia l  
c rack length e o (as i t  is imp l ie d  by Gri ffi th-Irwin the ory) . O n ly a f te r  
the inte gra ti on o f  the gove rning Equat ion {4 . l) i s  c omp le te d ,  the u l t ima te 
ins tabi l i ty p oint  (cr f , e f ) may be pre d ic te d. 
28 
A simi lar l ine o f  argument is fo l lowed in th is chapter  to der ive 
the governing e qua t ion for sub-cr itica l  growth o f  a crack in a 
quas i-bri t t le iol id unde r tearing mo4e of fracture . 
1. The Governing Equa t ion 
Conside r the end sec t i on e� X� a of a sharp crack embedded in a 
semi-infinite quasi-b r i t t l e  so l id whi le i t  proceeds from sta te 1 t o  
sta te  2 under l ong i tudina l shear . The increase i n  leng th � is 
acco mpanied by an increase in the applied stress . The amount o f  ene rgy 
a a+ S a 
(a) (b ) 
Figure 10. (a) Displacement is z-direction due to an increment a l  
g rowth (b ) shearing mode o f  fracture 
supp lied du ring this process can be ident i f ied wi th the work done t o  
open the crack , and thus i t  is 
a 
il \J = 2 � S k (x) Su2 (x , "t", Q.) dx 
-e. 
(4.3) 
Next it  is as sumed that  the s tres s  wi thin the yield z one equa l s  a 
cons tan t k .  Sub s t i tuting 
(4. 3) 
In Equat ion (4.3) for the increment Buz of the displacement normal t o  
the crack plane we get , 
a 
AU= 2k i [(*) 1: +���g )t dt: l �e. dx d e. J (4.4) 
This  energy supplied by an e la s t ic s tre ss  field ,  i s  u ti lized i n  two 
ways . Firs t ,  to form a new surface , 
a 
dl u = 2k �( a.u� )' c:St dx 
e. oa. -c 
(4. 5) 
and , second , to  c ompensate  for the energy los t during the s train r e-
d is tribu tion 
(4. 6) 
For an advancing crack the above energy supplied should be equa l t o  
· the �nergy demand Gc (2 S � ) . Thus the equat ion . for mot ion becomes , 
k r l ('() u" ) + ( "&) u,. ) !U_ ] dx = G c e -ae -c \. d-e e d €. 
a a 




(note that Uz (x=a , 'C , e ) iS zero) , . and 
a a 
)t 
� dx = ...£._ 
) 
uz (X; t, e ) dx 
()o- a a-
e 
then Equation (4 . 7 ) can be rewr itten as 
k [ �� + : i 
03( 1 a . 5 uz(x ,'t' ,t-)dx + kuz(tip) = Gc e. 
3 0  
(4.8) 
where u{x= e. ,  "t:, e.) i s  the crack opening dis placement uz (t ip) whi le the 
disp lacement at the end of plas tic  z on� x=a is ident ica l ly zero • . After 
multiplying both s ides by 3'\T the Equa tion (4. 8) can be rewri tten in a 
. 8 
more compac t form as 
M("(,e, d'C) + G(-c,e.) = 3 TT Gc de. 8 
a 
where M = 1 � k :� d?J"C 
)e u2 (x) dx 
and G = G1 + G11 




(4 . 9 )  
The second term in Equation (4 . 9 ) is  identif ied with Irwin's energy 
release ra te G("C, £) while the firs t is named "the slow growth 
opera tor" M( 't , e. , d'C ) 
de 
. . 
For large s cq l.e�:;..y:ie lding , the inte gra l 
and 
and 
a ·  I = 
Grr = 
- s i n- 1 1- >...2 
1+ -Az 
_ 31T � k� l l 8 
2 s in- 1 2·.>. 
1+ �2 
l+ A2 en 1-
)\ 1 
+ 2 >.. 1+ )\ 
_ 
3 IT fl., k2 L - 2 ( +  _ s in- l  (1+ >-.2� 16 4 A { l- A ) 
2 s in- 1  2 ).. : 1+ >.2 
) - 2 -
. M = _ 
3 1T k2 Q.. 2 d .>.. [ 1T 
16 4 4 e. * d s 2 
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(4 . 9a) · 
1- A2 
l+ )\.2 
(4 . 9b)  
e 1- ).. J n 1+).. (4 . 9c) 
The governing equation for large sca le yielding can be ob ta ined  by 
sub s ti tuting for G and M for Equation (4 . 9b) and (4 . 9c )  into  Equation 
(4 . 9) .  The equation of motion Gr + Grr + M = 3 \l/B . Gc i n  the above 
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Figure 1 1 . Variation of volume of plas t ic zone wi th 
nonnalized  load . 
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2 . Sma l l- scale Yie lding :  
Cons ide r a quas i - bri t t le s o l id containing � sharp c rack u nder 
longi tudina l s tre s s  at  infini ty . I f  the l0ad leve l is  suffic i ent ly 
l ow, · · the yie l ded zone a t  the t ip  i s  sma l l  compared t o  the c rack s i ze  
a nd other  geome tric dimens ions i nvo lved . This s itua tion i s  termed as  
"smal l sca le yie lding . "  
To b e  ab le to ge t the s olution  for rate of  growth o f  the crack in  
s u b�cr i t ic a l  range we  have to eva luate  the volume (or  the area)  of  the 
plas t ic z one , g iven by the integra l 
a 
� uz (x) dx 
Sinc e for sma l l  sca le yie lding the p las tic z one s i ze i s  sma l l  compared 
· to  a l l  geome tric d imens ions the above can be  e s t ima ted wi thou t great  
e rror as  
a 
% uz (x) � = 5 uz ( t ip) R · (4 . 10)  
Where R i s  the plas tic  z one  s ize , � is  a fac tor wh ich t akes care of  · 
the s hape of  the p la s t ic z one. ( � wou ld be 1 /2 in  case of  a triang le ,  
See Figure 12 . )  
F .  12 Area of the p las tic z one = 11 Uz { t ipY R  1gure . .> 
Thus from Equa tion (3 . 1 7 )  and (3 . 18) we ge t ,  
a S u (x) dx = £ z 
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(4 . 1 1 )  
Since  the s tre s s  inte ns ity fac t or K2 = �2n e ,  from Equat ion {3 . 1 9) we 
have , 
(4 . 12a)  
The p las t i c  z one s i ze a t  the ini tiat ion of  the c rack i s  given by  
Equa tion (3 . 2 1 )  as , 
The d ime ns ion le s s  length i s ,  
Q. 1 = -e *  
where  Q *  
= 
4 � G0 given by Equati on (4 . 12b) 
k2 
(4 . 12b)  
(4 . 1 2c )  
· and G0 i s  the s trai n energy re lease rate at  the i ni t iation o f  the crack 
growth under monotonic loading . The operator M wi l l  read from Equat-i on 
(4 . 9) as  
a 
( u (x) dx 
Je z 
s ince d t: _ dt: dA .£.1_ . k d .A 
d e - d A  d !  d e  = e. *  d � 
a nd d t: 
d ).. 
k ,  d �  
= 
d e  
(4 . 13 )  
Subs t i tu ting Equat i on (4 . 1 1 )  i nt o  (4 . 13 )  and taking par t i a l  d i f ferenti-
a t i on wi th re s pec t to  >-. we ge t ,  
. (4 . 14) 
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Subs t i tuting for �* and ! from Equation (4 . 12 }  into (4 . 14 )  
(4 . 15 ) 
To write a complete equation of s low .growth we shou ld  know in addi tion 
to  the operator M, the G- factor defined by Equation (4 . 4 ) . The fir s t  
term of the G- fac tor i s  
G1 = _lllk uz (t ip) 
8 
'G = 3 Tt � (k2 ) � >.2 
. .  I 8 ,.,._ 3 
Sub s t i tuting 1* and � from Equat ion (4 . 12 } we get 
The second term of the G- fac tor i s  given  as  
a 
(4 . 16}  
(4 . 1 7 )  
G11 = 31T  k _a_ ) uz (x) dx (4 . 18 )  8 -a e  e 
S�b s t i tut ing Equation (4 . 1 1 )  into (4 . 18) and partia l ly d i f ferentiating 
with respec t to  e we ge t ,  
(4 . 19) 
Since the dimens ion les s  l oad A((l the G11 term which contains fourth 
power of A can be neglected . The GI term, as it  can be read i ly shown 
i s  ident ical to the Irwin expre s s i on .  
G n = 't.2 ( TT e ) e � 2 }.A.  (4 . 20) 
A ls o  the s low growth operator M can be re lated to Ge t a s , 
(4 . 2 1 )  
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Thus the differentia l equation for s low growth for sma l l  scale yielding 
become s , 
(4 . 2 la)  
. From Equation (4 . 15), (4 . 17J and (4 . 19) i t·  can a l so be written i n  terms of 
dimens ionle s s  load ( ;.. ) and d imens i onle s s  c rack length � as , 
(4 . 22 ) 
Since both the e nergy release rate G and -p las tic zone s ize R are 
proport ional to the s quare of s tres s  intensi ty factor (K2 ) ,  we have 
(4 . 23 )  
Where R oo  is the plas t ic zone s i ze required for steady . s ta te qua s i� 
s tatic exten s ion o f  the crack and R i s  the plas t ic z one i iz e required 0 
for the i ni t ia tion of crack extens ion in monotonic loading .  Thi s  rat io 
i s  given by Ric e  ( 1 967 )  a s , 
r . 1 / 2  l N ::;:: R oo  = exp .. (2 e(, + 1) - 1 J 
R0 oC.. + 1 
Where ot. = "til � 0 •> · �� _ i s  the p la s t ic shear. s train at fracture 
(4 . 24) 
and i i s  the initia l  yie ld  s tra in in shear . 0 The c o- e f fic ient � 
can be cons idered a p laus ib le measure of ducti l i ty of  the s o l id .  The 
governing equa tion of s low growth for sma l l sca le yie ld ing range can 
thus be written  in the fina l form 
l.ILN - 2 )\2 � 
£A = __.:::::8 __ �-�-
d S 1 6  � A  3 5 2  (4 . 25 )  
Thi s  equation cannot b e  s o lved in  a c losed form but can b e  numerica l ly 
integrated . Runga-Kutta method as  given by the s tan�ard RKGS 
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s ubrou t ine (Appendix II) o f  IBM 360 wa s used  to  integrate the above 
equation .  The curves  obtained are shown in Figure 16 and 17 . I n  
Figure 16 for the s ame ini t ia l condi tion ( A o , 's o) the curve s are 
shown for different va lues  of"  the :: duc t i l ity · · parame ter �- :-: . In · Figure 17 
the curves shown are for the same � but diffe rent ini tial  cond i t ions .  
An increas ing l oad i s  a t  firs t required for an increase in crack 
length but ul t ima te ly the load l eve ls off  and then dec rease s  s o  tha t 
the transi tion to  a rapid  crack pr opagatjon occurs . Thi s  re su l t s  in  
"ins tabi l i ty"  which is  · tantamount to the onse t  of ca tas trophic . ·frac tu:re . 
Thi
.
s point of  ins tabi l i ty i s  shown by the l i t t le c irc le  on each curve . 
�l though the s o lu ti on given in  thi s chapte r is  true 6nly for .sma l l s ca le 
yie l d ing range , i t  was pointed ou t by Rice tha t "smal l sca le yie lding 
s o lutions have been found to be highly accura te approxima tion s  to  
ava i lab le  complete s o lu t ions  up  to  sub s tantial  fract ions ( typical ly 
one -ha l f) of  gene ral yie lding loads . "  
Rice ' s  !heory o f  S low Growth i n  Mode III � 
The fracture criterion adopted by Rice is  that of  a cri t ic a l  
s trai n a t  s ome f ixed d is tance ahead o f  the crack . T o  mee t  this  frac ture 
cri terion the plas t ic zone s iz e  mus t  vary wi th increas ing c rack length . 
Let the plas t ic zone s iz e  be a given func tiori of load and �rack length  
R = R(  A , � ) (4 . 2 6 )  
where A is the dimens ionle s s  load and � i s  d imens ionles s c rack leng th .  
I f  � 0 i s  the ini tia l crack leng th then crack extens ion i s  ini t iated 
at a va lue of the app li ed l oad sati s fying 
(4 . 2 7) 
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S table  crack extens ion under i ncreas ing l oad then begins such that when 
the crack has extended an amount '$ - S 0 the load is  given by 
R ( A  ' �  ) = R f ( S - 'so) : (4 . 28 ) 
The right hand s ide of thi s  e quation represents a materia l proper ty 
Rf ( S ), i . e .  the plas t �c z one s ize deve loped dur ing a quas i - s tatic  
growth . Such a prope rty has  been  proposed by  Rice ( 1 968) under the name 
"universal  R-curve . "  Al though an integral equat ion for de terminat ion 
of R-curve has been given ,  no c lose form so lution was given . Rice does 
s ay ,  however ,  that the ini tial  s lope of thi s curve shou ld be 
dRf · ( � = ) 0) .  Also  the rat io of R� and R� i s  known for Mode III , 
d $ 
and is  given  here by Equat ion {4 . 24) . Di fferentiating both s ides o f  
Equation (4 . 2 8) wi th res pect to � we get , 
(4 . 2 9) 
The ins tab i l i ty point i s  reached when no furthe r load increa s e  is  
required to maintain quas i - s tatic crack extens ion i . e .  d )\ /d �  = 0 .  
At thi s point then Equa tion (4 .  24) becomes 
. 
d R ( ).. ,'� ) = dR f ( � - 50 ) (4 , 30)  
a 'S  d S 
Thus the load at  ins tab i l i ty and the amount of prior s tab le  crack 
extens ion are given by the s imu ltaneous s olution of the equati ons 
· (4 . 28) and (4 . 30 ) . 
Plas tic  z one s i z e  
R;, ,---�------------�========�---
3 9  
Steady 
State Rf ( � - :S0) , hypothe t 1.
.
cal  
univer sa l · curve 
Rf 0 Ini tiation 
plastic  s o lution R = R (  A ,  :5' ) 
A = cons tant 
�-----------L------------------------------------------·------� 
"So 'S 
Figure 13 . Graphical  Repre s entation of "R- curve" approach to s l ow 
growth . 
This procedure is  shown in  Figure 1 3 . The plas tic 
required for quas i - s tatic  crack extens ion is shown by the heavy l ine 
with ini tiation Rf and s teady s tate extens ion value labe led Rfoo 0 
The fami ly of s traight lines ·or iginating at the origin represent  the 
variat ion of plas tic zone s ize with crack length at fixed va lue of the 
app lied load )\ .  I t  i s  s een  that load at ins tabil ity s imu l tane ous ly 
satis fying Equation {4 . 28) and (4 . 30) corre sponds to the membe r  of the 
fami ly which tangentia l ly  touche s the R- curve for quas i- s tatic 
extens ion . Thus the amount of  s table  crack growth is  determined by 
the poi nt of tangent ial  contac t .  
S ince the graphical  s olut ions are highly inaccurate a n  a ttempt 
i s  made here to sugge s t  an equa tion for the universa l curve ( for a 
part icular ma teria l and a par t icular value o f  � )  and obtain the 
ins tab il ity point by use of algebra . 
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The first  ana lytica l form for the universa l  curve tes ted here is  
an exponential  la\v equation 
rf ( � - � o) = :; = (N - 1) l 1 - e -A ( � - )o) 1 + 1 (4 . 3 1) 
Where the cons tant A was dete rmined by matching the ini t ial  s lope of 
the equation tes ted to the init ia l  s lope e s tab l ished by Rice 
or A = cl., - ln(o<. +1) 
N - 1 
. . • .  !' ·  
(4 . 32)  
The dimens ionles s plas t ic z one s ize as a function of crack length and 
app l ied  l oad can be found from Equation 0 . 1 9) as 
r ( )\ , � ) = R(  A , � ) = 2 )\ 2 ) 
f Ro 
According to equat ions (4 . 28) and {4 . 30) at  ins tab i l i ty point 
and 
2 J... 2 � = (N - 1) [ 1 - e -A ( ) f - 'S o) ) f f + 1 
2 A! = A (N - 1) e -A ( '5 f - � o) 
we have 
Where a l l  the va lues now subscripted with f are the va lues at  
ins t ab i li ty point . Sub s t i tu ting for 2 �� fro.m Equation (4 . 35) into 
(4 . 34) and s olving for � f we ge t ,  
(A 's f + l ) C1e
-ASf = N, where c1 = (N - l ) eA '3 ° 
(4 . 33 )  
(4 . 34) 
(4 . 35 )  
(4 . 36)  
Next , subs t ituting the ) f back into  Equation (4 . 35h i t  can be s o lved 
for Af · The cr itica l i ty parame ters )..f and '5 f were ca lcu lated for 
a particu lar va lue of � and init ial crack length . The resu l t  was 
compared with the one obtained from Equation \4 . 25 ) . Since the 
difference  in  values was 20% the exponenti a l  law was not accepted as  
4 1 
a c losed  form of  the R-curve . 
The second form for the universa l curve tes ted here i s  a power 
law equat i on 
rf n ) = (N - 1 ) L 1 - ( t tA 1 + 1 (4 . 3 7 )  
Where the cons tant A i s  s ame a s  given  by  Equation (4 . 32 ) . A l so  .the 
dimens i onles s  plas t ic z one s ize as a function of crack length and 
applied load is given by (4 . 3 3 ). Subs tituting z = ln S and z0 = ln  ':5 0 so 
that  � = e z and 50 = e
z0 into Equation (4 . 37) we ge t 
r£ C S ) = (N - 1 ) [ 1  - e -A (z - zo)] + 1 (4 . 38)  
According to Equation (4 . 28) and (4 . 30} at ins tabi lity point  we have , 
2 >-i �f = (N - 1) [ 1 - e-A (z cz o) 1 + 1 (4 . 3 9) 
= A(N - 1) 
� f 
Solvi ng Equations (4 . 39) and (4 . 40) for z f 
- 1 1 n __ __::.N .__ 
A (A+l )  {N-1) 
Sub s t i tut ing back for zf and z0 we ge t 
l n  � f = ln '$ 0 - 1 l n  N 
A {A+l ) (N- 1) 
(4 . 40) 
(4 . 4 1) 
(4 . 42 )  
which can be
. 
s olved for  ) f expl ic i tly .  Next subs ti tut ing the 
) f 
back into Equa tion (4 . 40 ), i t  can be s o lved for Af . 
The c riticality parame ters �f and J f were ca lcu lated for 
different va lues of ot and different ini t ia l  crack lengths . The 
resu l t s  are compared with those obtained from Equa tion (4 . 25) and they 
are shown in Table  I .  The diffe renc e i n  va lues osc i l late between  3 . 0% 
42 
and . SS% . Thus again i t  i s  conc luded that power law is not a ·  prec ise  
c losed form of  the R-curve . 
Now the third attempt is made to tes t a pos s ib le form o f  




Figure 14 . Plas tic z one during an infini te s ima l growth of  the crack . 
Cons ider the end section of a crack e � X  � a  (Figure 14) as i t  
moves by  an i nfinites imal dis tance � e .  The energy ·suppl ied during 
thi s  trans ition is  
(4  . 43) 
The energy suppl ied shou ld be e qua l to the energy demand (Gc S �) .  
Thus 
- - (4 . 40) 
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Subs t i tu t ing fr om Equat ion (3 . 1 9) for uz ( t i p) in Equa t ion (4 . 40) we ge t ,  
kR � c b R + k �e Rc = G c S e 
o r  
o r  
c l R �  dR + R]= Gc /k l d t  . 
(4 . 4 1) 
Subs t i tu t i ng uz ( oo) = c R00 i n  Equation (4 . 4 1 )  and a f t e r  norma l i z i ng i t  
with R0 , the p las t ic z one s iz e  a t  ini t ia t ion , we ge t 
or 
or 
dr _ N - r 
d:S - � r 




I nteg ra t ing b oth s ides  i n  the inte rva l s  Jo t o  S and r0 
� \ - (rf - ro) - N l ln : = �! 11 = 3 . -
(4 . 42 )  
(4 � 42a) 
to rf we g e t , 
! 0 (4 . 43 ) 
·Matching the ini t i a l  s l ope of  Equ a t i on (4 . 42 )  t o  Rice ' s  i ni t i a l. s l ope , 
t he expre s s ion for s hape fac t or i s  given as , 
(4 . 4�a) 
From Equa tion (4 . 2 8) and (4 . 30 }  the equ a t ions s a t i s fying the p o int o f  
ins t ab i l i ty can b e  wr i t te n  as , 
(4 .. 44a)  
(4 . 44b)  
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Solving for r/. � f) we ge t ,  
rf ( S f) = � � f  + ( !  � + 4 f  .!fN)
1 12 
2 (4 . 45 )  
· Substitu t ing rf into Equation (4 . 43) we get ,  
ro + L  + N 
- �  
+ N  
ln (N- r0) = - :5£· + { :s I + 4f)£N} 1/2  
2 
l n  lN - 1- 'sf + ( � + 4 f 5 �N} 1/Z  } J 2 f  
The only unknown quantity in  the above equat ion 
+ � f 
(4 . 46 )  
i s  sf . The va lue 
of Jf obtained by a numerica l  i tera tion procedure is sub s t i tuted back 
into Equat ion � . 3� to  ge t the value of Af . The va lues thus obtained 
were compared with values from Equation � . 2� and were  found to be 
quite agre eable  (for the case s  te s ted the di fference was no·t gre ater 
than 5%) . From Equation (4 .  33) we have , 
r = 2 A2 ) 
Differentiating with res pect  to S we get 
2 dr  = 4 )\ S d A + 2 )\ d S d s 
From Equation (4 . 25) and (4 . 47) we have 
dr 
d) 
r 3 1T N 
8 = -�---
2 � r  +
.!: 
� 
(4 . 4 7) 
(4 . 48) 
Equat ions (4 . 43 and (4 . 4� were integrated and the func tion r is p lotted  
(Figure 2 3 )  as a func t ion of normalized crack length � to compare 
the s olut ion obtained  from Rice ' s  · .theory and the s o lution obta ined . from 
Equat ion (4 .  25). 
C HAPTER V 
EFFECT OF FINITE WIDTH ON SUB- CRITICAL GROW TH 
The sub-critical  growth cons idered in Chapter IV was for a 
crack embedded i n  a s o lid  of infini te width . But i n  prac tice the 
s tructure s  are of  finite wid th and the spread of  plas t ic i ty i s  
influenced by the pres ence  o f  ·the free surface even b efore the s tage 
of uncons tra ined genera l yie lding is reached . Simi lar ly i f  ·a b ody 
conta ins a number of i nterna l  cracks or -inclus ions , the s pread of  
p las tic ity from any one is  influenced by  the presence of  the  others 






















Figure 15 . Co- ordinate for an infinite array of cracks . 
�igure 15 shows an infinite series  o f  identical  and e qual ly 
spaced cop lanar s li t s  in an infini te body sub j ec t  to an appl ied shear 
s tre s s  L. The s li ts are o f  length 2 e  in  x direc tion and have their  
c entre s a dis tance 2h  apart . The ha tched portion indicates 
plastica l ly · re laxed regions which extend to a di s tance a from each 
s l i t  centre . Bi lby , Cottre l l  and Swinden s o lved for ratio  of  c rack 
l ength and radius of p las t ic zone u s ing the dis location terminology 
s imi lar t o  one fo l l owed i n  cas e of infini te p late , 
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/ !: = cos (_IT_ A )  (5 . 1 )  a ' 2 




(5 . 2 ) 
and a '  = s in 
( 
lT a ) 
2h (5 . 3 )  
I t  i s not iced that as h -P �  the so lution (5 . 1) converges to 
m = cos ( I� A J (5 . 4) 
This  is s imi lar to the s o lu t ion obtained by Fie ld for an i nfini te 
plate . I t  was di scus s ed  in Chapter III  that Kos trov and Nik it in ' s  
s olution Equation (3 . 8) is  pre fe rred to Field ' s  s o lu tion . Thus  we can 
wri te Equat ion (5 1 ) .  as 
o r  
o r  
� 
a '  
s in(  li e/Zh) 
s in (  na /2h) 
a 2h 
e = 1T e  
. - 1 I 1 + \ z S 1n ' " 
I �.-\7 
L . 
. ( 5 . 5 )  
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The plas t ic . z one s iz e  
R = a - e = e l � s i n  1 l + �2 s in p} - ll (5 . 6 )  1 - )t..r 
where p = n e/2h 
For sma l l  scale yie lding i . e .  A --. o the equation for · plas t ic z one s i ze , 
a s  sho\\ ... n in Appendix III , can be written 
R = Q. 2 s in 2 � 2 
p cos p 
As s hown in Chapter IV the d i sp lacement 
infinite p late can be wr i tte n as  
Where 
uz (tip) =  c R 
c = 2 k 
3 }A  
Thus Equa tion (4 . 10) can be written as 
a � uz (x) dx = � uz {tip)R  
e 
� 1 � R
2 = 
3 )A  
= � 1 � �
2 4 s in2 2 
3 }A p2 cos2 p 
From Equat ion (4 . 13 ) 
as 
(5 .  7 )  
a t  the crack t i p  f or  a n  
(5 . 8) 
)\4 (5 . 9) 
(5 . 10) 
Sub s t i tuting {5 . 9) into (5 . 10) and partia l ly differentiating wi th 
re s pect  to A we ge t 
M = 16 � G0 .A 3 ) 2 s·in2 ___p__ d A Tc� d 'S  ( 5  . 1 1 )  
From Equa tion (4 . 16) the fi rs t term of the G- factor i s  
G1 = k uz ( t ip) 
From Equation (5 . 7 ) and (5 . 8 ) we can wri te Equation (5 . 1 1 )  as 
The s econd 
G1 = 1 k2 t 2 s in p ).. 2 
3 p.. p cos p 
= 2 .>..2 J s in p .. G0 
p cos p 
term o f  the G- factor is g iven 
a 
Grr = k d 
se 
uz (x) dx 
e> e  
= k d L� l _l_  e,2 c e  3 }.A. 
as 
4 s in2 p · 
p2 cosZ p � 
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(5 . l la)  
. (5 . 12 )  
(5 . 1 3) 
Since the above equation conta ins the term wi th fourth power o f  � 
i t  can be neglec ted . Thus the s low growth equation in the sma l l  
sca le y ie l ding range for a s truc ture o f  finite width becomes 
or 
or 
3 lt'  N - 2 A2 'S s in p 
d �  = 8 p c os p 
1 6  � �3 "S 2 s in2 p d .)  
d A  
d � 
p2 cos2 p 
3 TI N - (2 �2 /p*) tan (P7.- ! ) 
= 8 3/ 2 2 ( ) ( 16 � � p�·.-) tan p* '5 . 
P* = 'Tte*/2h 
s in  p G0 = 3 1l Gc 
. p cos P· '8 
(5 . 14) 
. (5 . 15 ) 
(5 . 16 )  
I t  s houl d  be noted that as p* ----. o the above equat ion bec omes 
3 TI  N - 2 ) � 2 
d)\  = __:::;8 __ ---..r---rr--
d ) 1 6  � A3 ) 2 (5 . 17 )  
which is  the s ame as  Equation {4 . 25) for a p late of infini te wid th . 
· Equation (5 � 16) was numerical ly integrated for a chosen ini t ial  
condit ion and d if ferent values  of  parameter p* . The curves ob tained 
are shown in Figure 22 . 
A l s o  the fam� ly ,::of  curves for p las tic  z one s ize  a t  c ons tant load 
is g iven by Equati�n (5 . 7} as , 
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(5 . 18) 
The fami ly of curves for plas t ic z one s i ze at c ons tant l oad (5 . 18) 
has a eurvature for the crack in  a fini te -width plate . They are 
s traight  l ine s for a crack in an infinite p late . The universa l curve 
rf (=R
f/R�) wi l l  be the same in both the cases . 
CHAPTER VI 
CONCLUSIONS 
The conc lu�ing remarks o f  this the s i s  can be summari zed as  
follows : 
Certain feature s  of the s o lu tion of the s tre s s  fie ld as s ociated 
with a screw dis locat ion are of  i nteres t .  Firs t ,  the s tres s fie ld of 
a s crew dis locat ion cons is ts s o le ly of radial ly symmetric shear s  for 
which there is no pre ferred s li p  plane � Also  the s tres s fie ld i s  s een  
to vary as the i nvers e  of the di s tance from the dis locat ion l ine and , 
as i s  phys ica l ly requis i te dies  out at infinity . 
s o  
From _ Equation {2 . 1 1) in  Chapter II , i t  i s  s een  tha t the d i s p lacement 
of the pos itive s ide of the s li p  plane with re s pect  to  the nega tive 
one a t  the crack tip  cp { 1) ( for constant a ,  1 )  increase s  as  L.1/� 
increases . Thi s  is due to the increased e las t ic s trains then be ing 
relaxed by p la s t ic zone s . From this i t  can be conc luded that shorter 
zones  wi l l  lead to  frac ture in harder mater ial s , qui te apart from 
the fact that the di splacement for duc ti le fracture to be accommodated 
by such zone s is  usua l ly sma l ler in such material s � 
In dealing wi th an e la s t ic - plas t ic crack prob lems , a s olut ibrr : for 
p las t ic zone s iz e  is obtained from a condi tion as \ x \ = a where no 
s ingu larity occurs . The formu la for crack opening displacement  in 
Fie ld ' s  s o lu tion is obtained from a condi t ion at \ X \ = e. where a 
s ingularity in  one of the components  of the s tre s s  ·tensor occurs . 
This  inadequacy i s  removed by Kos trov and Nikitin who fol lowed an 
approach free o f  s ingular i tie s . I t  i s  c onc luded that Kos trov and 
Nikitin ' s  s o lution shou ld be used . 
From the analys i s  performed for sub-critical  growth under long.i-
tudinal shear in Chapter IV and V, i t  can be c onc luded that the amount 
5 1  
o f  sub-critical  growth i s  s ens i tive t o  the ini t ia l  c rack length or 
equiva lent ly to the applied  s tres s . Sma l ler  the ini tia l  c rack length ,  
o r  higher the s tres s  leve l ,  les s i s  the s low growth . Al s o  as  not iced  
from Figure 16 , the increased  duc t i l i ty (contro l led  by fact or � or N) 
enhances the growth marked ly .  Fina l ly i t  was a ls o  found tha t  a continued 
increase  in load is  requ ired for the s low growth unt i l  the ins tabi l i ty 
point i s  reached . Al s o  comparing the va lue s  from Figure 18 and 19 to  
the  value s  in Tabl e  I i t  i s  not iced that the va lues are  more in  
agreement when the load l eve l i s  sma l ler . The fina l i ns tab i l i ty occurs 
at the point ( A £ ,  "S f) which be l ongs to the Irwin l ocus K (-r, , e )  = K­
crit ical .  However the magni tude of the de fect s i z e  ( 3 f) and the 
load ( A£) at  fracture are a prior unknown , and they may d if fer  
s ignificant ly from the ini t ia l  c rack s ize  ( ! 0) and the propagat ion 
thre s hold ( A0) . Only after  the integration of the governing equat ion 
(4 . 25 )  is  c omple ted for a certain given duc t i l i ty and the ini t iat ion 
toughne s s , the amount of s l ow growth and thus the u l t imate i ns tab i l i ty 
may be determined . I t  i s  found that the load at the ons e t  o f  rapid 
frac ture may great ly exceed the i ni t iation load , and the s ame can be 
sa·id about  the crack dimens ions . From Figure 22 , i t  i s  c onc luded tha t  
while the ini tia l - c rack length ( !0) rema ins cons tant , the amount of 
growth decreas e s  a s  the width of the plate i s  i ncreas ed . Thi s 
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conc lus ion was a ls o  made rec ent ly by  A .  M .  Su l l ivan (Naval Res earch 
Laboratory , Washington , D . C . ) in  a pr ivate communication to  Dr . Wnuk 
on the ba s i s  of the expe rimenta l tes ts conduc ted at Nava l Res earch · 
Laboratory . 
In  ducti le s o l ids  there is  no t ime--dependency and the interrupt ion 
of loadin� proce s s  means interrupt ion of crack grdwth . Ther�fore , i t  i s  
recommended that s o lutions  for s low growth in mode I I I  are . extended on 
to s o l ids where the t ime dependent properties  like creep  and s .tre s s  
re laxation are more pronounced . I t  would  be exp�c ted tha t the s low 
growth phenomenon wil l be enhanced by the t ime dependent behavior . 
A l s o ,  i t  appears that the same type of approach cou ld be pursued for 
a theore t ica l description of crack extens ion under fat igue load ing 
condi t ions . 
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APPENDIX I 
en 1 - >-. = fn ( l - 2  A + 2 )\ 
2 - 2 A 3 + • . • ) 
l + A 
For small  s ca le yie lding i . e .  A -+  o the above expre s s ion can be 
expanded in  terms o f  Mac laurin ' s  Series  as 
= f (o) + f ' (o) A + f"(o) 
1 ! 2 !  
5 3 
= o + - 2+4A -6 A2 \ A + (l-2 A +2 A. 2-2 A 3�(4- 12 )\ )  \ >-.2 
l-2A +2 A2-2  A3 j A =o ( 1 -2 )\ +2 )-. 2- z 1-- ) � A=o 2! 
- (-2+4.>. - 6 _>,_2)�- 2+4>-. - 6 A 2) 1 >.? (1-2 )\ +2 � 2) (-4- 16 >-. +  . )  
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APPENDIX II  
DIMENSION Y (1 ) , DERY (1) , A UX (8 , 1) ,  YIN (S ) , CIN (S ) , B IN (S ) 
COMMON I ,  C ,  B ,  XIN (S ) , PRMT (S ) 
EXTERNAL FCT ,  OUTP 
NDIM=1 
FORM.t\T (9F85 ) 
READ ( 1 1  , 1 )  PRMT ( 3)  , PRMT (4) 
READ ( 1 1 , 1 ) (XIN (I) , I : l ,S )  
READ (1 l , l ) (CIN (I) , I : l ,S )  
READ ( 1 1 ,  1 )  (BIN (!) , 
READ ( 1 1 , 1)  (YIN (I) , 
DO 4!=1 , 5 
PRMT (1) =XIN (I) 
PRMT (2) =5 0000 
B=BIN (I)  
C=CIN(I) 
Y (1 ) =YIN (I)  
DERY (l) =l 
1 : 1 , 5 )  
I=1 ,S )  
4 CALL RKGS (PRMT, Y ,  DERY , NDIM, I HLF , FCT, OUTP,  AUX) 
END 
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APPENDIX II  (continued) 
SUBROUTINE FUNCTION 
SUBROUTINE FCT (X, Y ,  DERY) 
DIMENSION Y ( 1 ) , DERY (1)  
COMMON I ,  C ,  B ,  XIN(S ) , PRMT (S ) 
F=2 . *B* (C-2 . *X*Y (1 )*Y ( l ) ) 
G=16 . *X*X*Y ( l ) *Y ( l )*Y ( l )  
IF (F) 2 ,  2 , 1 
1 DERY (1 ) =F/G 
GO TO 3 
2 PRMT (5 ) =1 
3 END 
"SU.BROUTINE OUTPUT 
SUBROUTINE OUTP {X, Y,  DERY, IHLF , NDIM, PRMT) 
DIMENSION_ Y (1 ) , PERY ( 1) ,_ P?�MT (S) 
COMMON I ,  C ,  B ,  XIN ( 12 )  
WRITE (12 , 8)XY ( 1 ) , DERY (1 ) , IHLF 
8 FORMAT (1H, 3E12 . 6 ,  IZ) 
IF (DERY (l}) 14 , 14 , 15 
14 PRMT (S} =l .  
15 END 
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APPENDIX III 
Series Expans i on of Equa t ion (s . 6)as . A -..:. o 
s in (p+A A 2 ) = s i n  
s in p + 2 ;-!- s i n  p = 
- 1 r . = s in L s in 
= P + A>-. 2 + 
p + 2 )\ 2 s in p 
s in p cos (A A2 ) + s i n (A A2 ) 
s in 
cos p 
= s in p [ 1 - A\ A 4 + . . · ]  + A x2 
= s in p - A2 
,>.. 4 
s in P + A �2 c os 
2 
2 s in p = A cos p or A = 2 s in p 
cos  p 
s in - 1 f ( 1 +2 A 2
. 
) s in p1 = p + 2 s in p .A 2 l . cos . P 
R = P.[ i s in- 1 l ( 1  + 2 .>-.2) s in p } - 1 J 
\. 2 = e 2 s in p /\ 
p c os p 
p 
5 6  
c o s  p 
APPENDIX IV 
Serie s Expansi ons of init ial  s lope and ratio of plas tic z one s ize at 
s teady s tate and p las t ic z one s i ze at initiat ion . 
and 
initial  s lope = o<. - log ( 1 + o< ) 





= rJ, - fit + ot 2 
2 
= �2 + 
2 
exE ( J2 c1v + 1' - 1} 
1 � 0(. 
exp l( l + oL - �2 2 
1 + 0(, 
exE ( o(. -
oev2 ; 2) 
1 + o(. 




. • ) - 1 J 
= 1 + ( � - t/..,2/2) + 1 /2 ! ( of.., - rJ.,2 /2)2 +" . 
1 + o(, 
1 + 0(. - � 3 /2 + . . . = 1 + tJ.}/2 + = 
1 + � 
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TABLE I 
Cri ticality parameters ( Af , '5 f) for different crack lengths and 
duc t i l ity parame ter ( o<, )  from power law ,  Equation 4 . 46 and 
governing Equati on 4 . 2 5 .  
5 8  
RICE ' S  EQUATION BKA E QUATION 4 . 2 5 �-�--------4-���� ����� eX, POWER LA\v EQUATI ON 4 . 46 
,__�o�-+----4,___S f A f  Sf A f 
1 . 0  
1 0 . 0  








2 5  
3 
1 0  
1 8  
2 5  
� � "1 5 
1 . 3 80 
1 .  6 15 
1 . 83 1  
10 . 6 9 7  
13 . 8 7 5  
1 6 . 200 
1 8 . 2 20 
106 . 6 9 
1 3 8 . 3 8 
1 60 . 02 
1 8 1 . 2 7 
. 6 3 2  
. 8 85 
I 1 .  2 7 6  ·. 1 .  8 2 5  . 
0 . 2 0 0  ' 
o . 2 8o I 
0 . 405 1 0 . 5 7 8  
I 
o . o63 I 
0 .  0 8 8  l 
o .  1 2 1  I 
0 . 1 8 3 1 
1 .  1 2_9 
1 . 4 6 9  
2 . 08 9  
3 . 12 9  
10 . 3 2 9  
1 1 . 14 9  
1 3 . 00 9  
1 6 . 1 6 8  .· 
100 . 5 8 8  
102 . 2 04 
1 0 6 . 5 5 2  
1 14 . 888 
. 8 1 8  
1 . 140 
1 . 54 2  
1 . 86 2  
. 2 7 1  
. 4 15 
. 6 1 9  
. 80 6  
. 08 6 9  
. 1 3 8  
. 2 1 6  
. 30 2  
1 . 1 6 9  
1 . 5 0 9  
2 . 1 8 9  
3 . 2 0 9  
1 0 . 42 9  
1 1 . 2 8 9 
1 3 . 3 2 9  
1 6 . 6 6 6  
1 00 . 7 2 8  
1 0 2 . 4 0 3  
107 . 2 8 9  . 
1 16 . 6 0 3  
. 80 3  
1 . 1 2 5  
1 . 5 0 9  
1 . 8 1 1  
. 2 70 
. 4 1 2  
. • 6 1 2 
: ::: 9 I 
. 13 7  
. 2 15 
. 3 00 
TABLE II  
I Ini tial  s f  ((, N Slope � !o�l . O  :5o=l0 � 0 !a=lOO . O  
3 1 . 2 9 1 . 6 13 . 0996 1 . 12 9  10 . 3 2 9  100 . 5 88 
i 10 3 . 2 6 7 . 602 . .  . 1488 1 . 469  . 1 1 . 149  102 . 104 
18 8 . 4 6  1 5 . 05 5  . 2 876  2 . 08 9  13 . 00 9  106 . 4 72 
25 17 . 85 2 1 . 742 . 38 72 3 . 02 9  16 . 068  1 14 . 888 
TABLE I II 
Critical i ty parame ters ( }..f , ! f) for di fferent value s  of the p late 
width from Rice ' s  equation (5 .  18) and BKA equation (5 .  1 6 ) . 
. .. . ... . . . 
1o  ot p* 
. 0 1 
10 18 . 05 
. 10 
. -
Rice ' s 
) f 
13 . 060 
13 . 1 10 
13 . 120 
Equation 
)\f 
. 5 39  
. 5 13 
. 501  
BKA Equation 
1 f . '• . 
13 . 34 9 . 
13 . 389  
13 . 409  
. ·r. f 
. 605 
. 58 1  
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Figure 1 6 . E ffe ct  of duc t i l i ty parame ters ( oC ) on s low growth . 
--< 
. 6  
.5 a I 
· 4  t I 
1 1  
. 3 -1 
. 2 
. . 1 
0 
0 1 2 3 
�o : loo 
4 
3 Tt'  2 d )\ - N - 2 � 5  




� = . 287 
N = 8 . 46 
6 7 
Figure 1 7 . E f fe c t  o f  i rii t i a l  crack le ng th on  s ub � cri t ic a l  growth. i n  an 
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Figure 1 8 .  Sub-cri t ica l grouth of  c racks i n  a n  infi nite p late 
accord ing to  Rice ' s equation and BKA equat ion . 
Figure _ 1 9 .  Sub-cri tic a l  growth o f  cracks i n  a n  infi nite pla te 
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Figure 2 1 •· Graphical Representati'ol'l of "R-curve ' approach to slow growth 
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Figure 2 2 . Efi"ect: of  finite lvidth . on s low growth 
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Figure 2 3. .  Comparison of "R-curves•• of Rice ' s  theory eqn. (4.42 )  and BKA 
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24 (a) . · variat ion of ra tio  of  p las t ic zone s iz e  a t  s teady s ta te . 
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Figure 24 (b) . Variat ion of  initial s lope wi th du c t i l i ty parame te r .  
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